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CRACK PROPAGATION IN A STRIP OF MATERIAL 
UNDER PLANE EXTENSION 1 
by 
G. C. Sih 2 and E.P. Chen 3 
ABSTRACT 
The problem of a uniformly propagating crack in a strip 
of elastic material is solved using the dynamic equations 
of elasticity in two-dimensions. Two specific conditions 
of loading on the strip with finite width are discussed. 
In the first case, the rigidly clamped edges are pulled 
apart in the opposite directions. The second case considers 
equal and opposite tractions applied to the crack surface. 
By varying the strip width to the crack length ratio, the 
amplitude of the dynamic stresses ahead of the running crack 
is determined as a function of the crack velocity. The 
local dynamic stresses are found to be lower than the cor-
responding static values for the displacement loading con-
dition and higher for the stress loading condition. This 
effect becomes increasingly more important as the crack 
length to strip width ratio is enlarged. Numerical results 
for the dynamic crack opening displacements are also pre-
sented. 
1 This work was sponsored by the Office of Naval Research, 
U. S. Navy under Contract N00014-68-A-0514. 
2 Professor of Mechanics, Lehigh University, Bethlehem, Pa. 
3 Research Assistant, Department of Mechanical Engineering, 
Lehigh University, Bethlehem, Pa. 18015 
INTRODUCTION 
In a previous paper by Sih and Irwin [1], they analyzed 
a system of radial cracks emanating from a common point. 
The leading edges of these cracks terminate on a circular 
locus expanding at a constant speed. Fracture patterns of 
this type are commonly observed in the shattering of glass 
plates owing to projectile penetration. The amount of energy 
released by this system of expanding cracks was estimated 
by an approximate procedure in [1] which did not acc~unt 
for the coupling effects of dynamic unloading and crack-
opening displacement. This is mainly because of the lack 
of an available method for solving the problem of a series 
of equally spaced parallel cracks ending at a moving line. 
From symmetry considerations, the foregoing problem is 
equivalent to that of a single crack moving in a strip whose 
boundaries are fixed. The formulation presented in this 
paper is specifically developed to treat this class of pro-
blems. 
Previous work [2-5] on dynamic crack propagation has 
mostly been concerned with the geometry of an infinite 
medium. The influence of neighboring boundaries on crack 
speeds presents additional complexities to the problem 
which in many instances cannot be neglected. Sih and Chen 
[6] have examined this effect in the tearing of strip spe-
cimens. Results on the energy required to tear a specimen 
at a given rate were reported. Unfortunately the method 
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of anlaysis in [6] based on the usage of the Schwarz-
Christoffel transformation is not applicable to elasto-
dynamic problems in plane elasticity. 
Considered in this paper is the model of a constant 
length crack moving at a uniform velocity in a strip of 
finite width the boundaries of which are subjected to dis-
placement and stress conditions. The assumption of a con-
stant length crack is expected to .be reasonable for long 
cracks in a narrow strip where the reflected stress waves 
from the boundaries are of primary concern as compared to 
the waves generated by the trailing end of the crack. De-
tailed studies are made on the variations of the intensity 
of the local dynamic stress field with parameters such as 
strip width, crack velocity, etc. 
ELASTODYNAMIC EQUATIONS IN TWO DIMENSIONS 
Consider a strip of width 2h with a Yoff~ [2] crack of 
length 2a travelling along a straight line bisecting the 
strip. The Yoff~ crack is defined as one which is self-
sealing at the trailing end by an amount equal to the ex-
tended portion at the leading edge of the crack. This pre-
serves the condition of a constant length crack at all time 
t. The position of the crack at a given time t is referred 
to the stationary coordinates axes X, Y by the distance vt 
with v being the crack velocity. Refer to Figure 1 for the 
moving crack geometry. 
-3-
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T h e two d i me n s i o n a 1 e q u a t i o n s o f d y n am i c e 1 a s t i c i t y w h i c h _ .I 
* neglects wave reflection in the direction normal to the 
XY-plane can be formulated in terms of two scalar functions 
¢ and ~ each of which is a function of X, Y and t. They 
are related to the displacement components as 
( 1 ) 
Satisfaction of the equations of motion requires that for 
plane strain ¢and~ are to be governed by the following 
pair of wave equations 
82¢ + 82¢ = 
ax 2 aY 2 
a2~ + a2~ = 
ax 2 av 2 
( 2 ) 
in which c 1 is the compression (irrotational) wave speed 
and c the shear (equivoluminal) wave speed in an infinitely 
2 
extended medium. They are related to the elastic constants 
by the expressions 
k 
c = [(:\+2l-l)/p] 2 1 . . ( 3) 
Here, :\ and l-l are the Lame coefficients and p is the mass 
density of the elastic medium. Once ¢ and ~ are determined 
from eq .(5), the two-dimensional stress components can be 
found from 
* For this reason, dynamic stress solutions are not meaning-
ful when applied to plate specimens in which wave reflec-
tion in the thickness direction cannot be ignored. 
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ax = A.'i72¢ + 2]1(~2¢ + a 2 l/J ) 
ax 2 axav. 
A.'i72¢ + r a 2 ¢ a2\jJ ' O"y = 2]1•,-- - ax a v .; 
av 2 
axv = 11'2 
a2¢ a2\jJ 
+ 
a 2 l/J .. 
axav - ax 2 d y 2 i 
where 17 2 = a2/aX 2 + Cl 2/aY 2 is the Laplacian operator in 
two variables. 
( 4 ) 
For a constant velocity crack, it is convenient to intra-
duce a Galilean transformation 
X = X-vt , y = y ' t I : t ( 5) 
with x, y being the translating coordinate system attached 
to the moving crack. In the transformed system, the wave 
equations become independent of the time variable t', i.e., 
0 ' s2 32\jJ + ~ = 0 2 ax2 ay2 ( 6) 
The parameters s
1 
and s 2 are defined as 
In a similar fashion, the disolacement and stress components 
can also be transformed into the new coordinate system. The 
results are 
- 5-
( 7 ) 
and 
A.V2<P . 8 2 <P ~, a = + 2]1(- + X 8x 2 8x8y/ 
A.Vz<P + ( 8 2 <P 821/1 \ ( 8) cry = 2]li --
- 8x8y) \8yz 
axy = Jl(2 
82<P 821/1 + 821/J) 8x8y - 8x 2 8y2 
This completes the preliminary mathematical formulation 
which will be used subsequently to solve the dynamic crack 
problem. 
DESCRIPTION OF LOADING 
The method of solution can be best illustrated by 
solving two basic problems involving displacement and stress 
loading conditions. 
Case (1) -Let the .edges of the strip be clamped rigidly 
and displaced by an amount v in the direction normal to the 
0 
propagating crack and hence 
-oo<x<oo ( 9) 
v {x,O) = 0, lxl>a ; y 
Because of symmetry, the following conditions on the stress 
components may be written down 
-6-
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lxl<a 
{ 1 0) 
-oo<x<oo 
In order to use the technique of integral transforms, it is 
necessary to solve an alternate but equivalent problem in-
volving loadings on the crack surface which can be obtained 
from the problem of a clamped strip {without a crack) sub-
jected to a uniform strain. The equivalent stress conditions 
on the crack are 
ay(x,O) 
Ev
0 jxj<a = - --
l-v 2 
axy(x,O) = 0 -oo<x<oo 
and the displacements must satisfy 
= v {x,±h) = 0 , y 
{ 11 ) 
-oo<x<oo 
{ 1 2) 
jxj>a 
where v is the Poisson's ratio and E the Young's modulus. 
The solution to the original problem is then obtained by 
adding the solution of the equivalent problem and that of 
= 0 
-7-
Case (2) - If a uniform stretching load of intensity p
0 
is applied to the upper and lower edges y = ±h of the strip, 
then the equivalent problem for this case involves the 
application of tractions -p 0 to the crack surface. The 
boundary conditions along the strip edges are 
cr (x,±h) =cr (x,±h) = 0 , Y xy -oo<x<oo ( 1 3) 
while the shear stress crxy vanishes along the entire x-axis 
i.e.' 
-oo<x<oo (14) 
The conditions leading to a system of dual integral equa-
tions are 
lxl<a 
( 1 5) 
lxl>a 
Other conditions similar to those described in Cases (1) 
and (2) may also be treated for the strip problem. It is 
now more pertinent to discuss the solution of eqs.(6). 
INTEGRAL REPRESENTATION 
The present method of solution for the strip problem 
follows that described in [7] for the corresponding strip 
problem in elastostatics. The basic structure of the in-
tegral solution is the same except that in the dynamic 
-8-
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problem the parameters s 1 and s 2 related to the wave speeds 
come into play through the exponential functions exp(±sj~y), 
(j = 1 ,2). Following the work in [7], the integral repre-
sentations of ¢ and ~ are 
CX> 
¢(x,y) = £J[A(~)exp(s ~y) + B(~)exp(-s ~y)]cos(~x)d~ 
7T 1 1 
~ ( 1 6) 
~(x,y) = ~J[c(~)exp(s 2 ~y) + D(~)exp(-s 2 ~y)]sin(~x)d~ 
0 
which can be easily shown to satisfy eqs.(6). Here, A(~), 
B(~), etc. are the four unknowns in terms of the single 
variable ~whereas originally the problem contained two 
unknowns in terms of two variables, namely x andy. Putting 
eqs.(l6) into eqs.(7) and (8), it is found that the dis-
placements are 
CX> 
2 J ' B(~)exp(-s ~y) ux = 1T ~ ·: - A ( ~ ) e x p ( s 1 ~ y ) 1 
0 
'\ 
+ s 2 [C(~)exp(s 2 ~y) - D(~)exp{-s ~y)]~ 2 _I sin(~x)d~ 
CX> 
( 1 7 ) 
2 I ( B(~)exp{-s ~y)] v = 1T ~·~ 1 [A(~)exp{s 1 ~y) y 1 
0 
- C(~)exp(s ~y) - D(~)exp(-s 2 ~y)' cos(~x)d~ 2 
and the stresses become 
CX> 
ax = 4JJ J [, 2 ·: --2
1 (l-s 2 +2s 2 )[A(~)exp(s ~y) + B(~)exp{-s 1 ~y) IT , 2 1 1 
0 
+ s 2 [C(E,)exp(s 2 ~y) - D(~)exp(-s 2 ~y)]: cos(~x)d~ 
-9-
00 
4].1 I r 1 a = t; 2 · 2 (l+s 2 )[A(t;)exp(s t;y} + B(t;)exp(-s t;y}] y 'IT 2 1 1 
0 \ 
- s [C(t;)exp(s t;y) 
2 2 
- D(t;)exp(s
2
;y)J} cos(t;x)dt; 
00 ( 1 8) 
axy = 
4].1 Jt; 2 ( -s 1 [A(t;)exp(s 1 t;y} - B(t;)exp(-s t;y}] 'IT 1 
0 
'· 
+ }(l+s~)[C(t;)exp(s 2 t;y) + D ( t; ) ex p ( - s 2 ~Y ) ] 1; sin(t;x)dt; 
Applying the boundary conditions stated in the previous 
section into the appropriate displacement and stress expres-
sions in eqs. (17} and (18), the governing system of dual 
integral equations for Case (1) and (2) is the same as given 
by 
00 
2 I B .(t;)cos(t;x)dt; 0 = x>a 'IT J . ' 
0 
00 
( 1 9) 
2 I t;Fj(t;)Bj(t;)cos(t;x)dt; O<x<a - = -p. 'IT J 
0 
where symmetry in x has been implied and j = 1,2 with 
Evo 
p 1 = (20) 
With the exception of the definitions of s and s , the 
1 2 
subscripts 1 and 2 .are used to distinguish those quantities 
corresponding to Case (1) from Case (2). The functions 
Fj(t;) (j = 1,2) in eqs.(l9) are known in the problem and 
- l 0-
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they are 
F (t;,) = (s 2 [(l+s 2 )a (E;,)- (l+s s )B ([,) + (1-s s )y (E;,)]/ 1 . 21 121 121 
\.2s 1 s 2 o1 (E;,)- (l+s s )B (E;,) + (1-s s )y (t;,) 1 2 1 1 2 1 
( ( 21 ) 
F (t;,) 
2 
= ;s [2(l+s 2 ) 2 a (t;,) + Bs s sinh(s E;,h)B (E;,) 
·. 2 2 2 1 2 2 2 
I .•· 
/' 
- 2(l+s 2 ) 2 cosh(s E;,h)y (s)] 1~ 4s s (l+s 2 )o (E;,) 2 2 2 1 2 2 2 
- Bs s cosh(s E;,h)B (E;,) + 2(l+s 2 ) 2 sinh(s ~h)y (s0 
12 2 2 2 2 2; 
In view of the compliexity of F1 (E;,) and F2 (t;,), the following 
contractions on aj(E;,), Bj(E;,), etc. have been made: 
= f.(t;,) + 1 
J o.(t;,) = f.(t;,)-1 J J (j = 1,2) 
y (E;,) = f (E;,)exp(s E;,h) + exp(-s t;,h) 
2 2 1 1 
Furthermore, the functions f (E;,) and f (E;,) stand for 
1 2 
f ( E;,) 
1 
( 
= )4s s 
1 2 
'· 
- (l+s 2 ) ((l+s s )exp[-(s -s )t;,h] 
2 '·, 1 2 1 2 
, I •' 
+ ( 1 - s 1 s 2 ) ex p [ - ( s + s ) E;, h ]'// 4 s s - ( 1 + s 2 ) 1 2 •' 12 2 
- 11 -
(22) 
( 23) 
.-
f2(~) = i4s 1 s 2 [1-cosh(s 2 ~h)exp(-s 1 ~h)] - (l+s:) 2 sinh(s 2 ~h) 
\ ' 
• exp(-s 1 ~h)i// \,4s 1 s 2 [1-cosh(s 2 ~h)exp(s 1 ~h)] 
+ (l+s 2 ) 2 sinh(s ~h)exp(s ~h)· 
2 2 1 ' 
Note that in eqs.(l9), there is only one unknown Bj(~) to 
each of the boundary value problems, Case (1) for j = 1 or 
Case (2) for j = 2. The original unknowns A(~), B(~), etc. 
in eqs.(l7) and (18) are related to B.(~) (j = 1 ,2) as. 
. J . 
follows: 
Case (1) -For the case of displacement loading it is 
found that 
' 
+ (1-s s )y (t)]~ 
1 2 1 ~ 
C(~) = [(l+s 1 s 2 )f 1 (~)exp(s 1 ~h) + (l-s 1 s 2 )exp(-s 1 ~h)] 
·(2s )- 1exp(-s ~h)B(~) 
2 2 
(24) 
D(~) = -[(1-s s )f (~)exp(s ~h) + (l+s s )exp(-s ~h)] 
121 1 12 1 
-1 2-
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Case (2) - A different set of relations are obtained 
for the stress loading condition. 
A(i;) = f (i;)B(i;) 
2 
( 
B(t,;) = [4s (l+s 2 )B (!;)]/,. t,;[4s s (l+s 2 )o (!;) 
2 2 2 '. 12 2 2 
C(i;) 
·exp(-s t,;h)B(i;) 
2 
(25) 
D(i;) 
The mathematical details that lead to the solution of 
the dual integral equations (19) have already been covered 
by Sih et al [7] and they will not be repeated here. The 
form of Bj(i;) (j = 1 ,2) satisfying both conditions in eqs. 
(19) is 
B (E;:) = 
1 
TiaEv
0 
for j = and 
-1 !; 
( 2 7 ) 
in which J is the first order Bessel function of the first 
1 
-13-
kind and K is the factor 
.· 
The quantities ~(1) and ~(1) represent the values of the 
functions ~(~) and ~(~) evaluated at the crack tip ~ = 1. 
They also depend on parameters such as crack speed, crack 
length, strip width, etc. and can in general be found 
from the Fredholm integral equations 
1 
<P (t,;) = ~+ J K1 (~,n)~(n)dn 
0 
1 
~(~) = ~+ J K (~,n)~(n)dn 2 
0 
for 0<~<1 and O<n<l. The kernels Kj(~,n) (j = 1,2) in 
eqs.(28) are given by 
00 
(28) 
(29) 
where J 0 is the zero-order Bessel function of the first 
kind and Gj(s) are related to the known functions Fj(s) in 
eqs.(21) as· 
= F.(s) + K , 
J 
j = 1 ,2. 
The system of dual integral equations governing ~(~) 
and ~(~) are solved numerically on the computer. Their 
results as conriected with the strip problem will now be dis-
cussed. -14-
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DYNAMIC STRESS FIELD AHEAD OF THE MOVING CRACK 
It has been shown by Sih [9] that the amount of energy 
released per unit crack extension can be associated with 
the amplitude of the local dynamic stress field. This in-
formation is useful in studying the ability of the struc-
ture to arrest crack motion. Hence, it suffices to consi-
der only the local character of the stresses around the 
leading edge of the moving crack. 
Substituting eq.(26) into (24) and eq.(27) into (25), 
the stresses at every point in the elastic strip can be 
obtained from eqs.(l8). Furthermore, it is not difficult 
to show that the singular behavior of the dynamic stresses 
is described by the leading terms in eqs.(Z~) and (27). 
The integrals from zero to unity in Bj(~) (j = 1·,2) remain 
bounded at the crack tips x =±a. Thus, by retaining only 
the highest-order terms in the Laurent series expansion of 
the integrads in eqs. (18) for the stresses and applying 
appropriate Bessel integral identities, the crack-tip 
stress field referred to the polar coordinates (r,e) is 
-1 5-
(30) 
\'I here 
e = tan- 1[y/(x-a)] 
The functions f(sj) and g(sj) describe the angular distri-
bution of the dynamic stress field: 
j = 1 ·, 2 
w h i c h a g r e e s w i t h t he g e n era 1 r e s u 1 t r e p o r t e d i. n [ .9 ] . 
Note that the inverse square root of r singularity is. pre-
served in this problem while the stress variations. in e 
is distorted by the speed of crack propagation. Th~ amp-
litude of this distortion is governed by the dyna111ic, stress-
intensity factors 
k ( 1 ) Ev 
= ¢ ( 1 ) 0 ra for Case (1) 1 
·(l-v2) 
( 31 ) 
and 
k ( 2) 
= '¥(l)p ra 1 0 for Case ( 2) (32) 
The numerical values of <I>(l) and '¥(1) have been obtained 
for v = 0.25 and various values of a/h, v/c
2 
under the con-
dition of plane strain. The results of Case (1) and (2) 
will now be discussed separately. 
-16-
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C a s e ( 1 ) - F i g u r e 2 g i v e s a p 1 o t o f th e n o r m a 1 i z e d 
stress-intensity factor (l-v 2 )kil)/Ev 0 1a versus the crack 
length td strip width ratio, a/h. The dimensionless crack 
speed v/c 2 is permitted to vary from 0.0 to 0.8 in incre-
ments of 0.2. It is seen that kil) decreases more ~~pidly 
with a/h as the crack speed is increased. Another plot of 
(l-v 2 )k(l)/Ev Ia against v/c is shown in Figure 3 for l 0 2 
a/h = 0.0, 0.25, 0.50, 0.75, l .00, and 2.00. · The straight 
line marked a/h = 0.0 corresponds to the solution of a 
crack in an infinite medium. Thus, the strip 1-.tidth has the 
tendency to lower the amplitude of the dynamic stress field. 
More specifically, Figures 2 and 3 indicate that the amount 
of load transferred to the crack tip region decreases with 
decreasing strip width, 
Case (2)- Similar plots of ki 2)/p
0
va versus a/hand v/c
2 
as given in eq. (32) are displayed in Figures 4 and 5. In 
the case of stress loading condition, the opposite effects 
are observed. Here, the intensity of the dynamic stress 
field increases with a/h. The curves in Figure 4 are seen 
to be steeper for higher crack velocities. Figure 5 shows 
that ki 2) is always higher than that corresponding to a 
crack in an infinite medium. The effect of narrowing the 
strip width is to increase the load transfer to the crack 
tip region. The curves in Figure 5 appear to possess ver-
tical asymptotes which suggest that for each ratio of a/h 
there exists a limiting crack speed. 
-1 7-
DYNAMIC CRACK OPENING DISPLACEMENT 
In assisting laboratory measurements, it is often useful 
to have a knowledge of the shape of the displaced crack by 
varying such parameters as the crack speed, specimen size, 
etc. This informati.on can be obtained from the second of 
eqs.{l7). By following the procedure of subs_tituting the 
unknowns A{~), B(~), etc. into the expression for the ver-
tical displacement v as it was done for the derivation of 
' y 
the stresses, it is found that 
1 
2lJKV{l) (X ,0) = 
. y J 
IT <I>{T) d 
x/a [ 
2 (I )2J'Y, T, T - X a ·- , . ' 
for Case {1) and 
1 
2lJKV~ 2 ){x,O) = p0 a J 
xla 
·for Case (2). 
IT '¥{T) ------~~~~ dT , 
[ T 2 - ( x 1 a ) 2 ] ·2 
O<x<a {33) 
O<x<a (34) 
When the strip is clamped rigidly and displaced symmetri-
cally with respect to the crack plane, the crack opening 
decreases with increasing crack speed. This result is il-
lustrated numerically in Figure 6 for alh = 1 .o., v = 0.25 
and the condition of plane strain. Figure 7 also plots 
2lJ(l-v 2 )Kv~ 1 )(x,O)IEv 0 a versus xla but this time for a 
fixed value of vlc 2 = 0.2.while alh is varied. Note that 
a s t h e s t r i p \v i d t h i s r e d u c e d ( i . e . , a I h i n ·c r e a sed ) t h e 
crack opening displacement becomes smaller. 
-18-
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Finally, if the strip. is pulled apart by uniform trac-
tions, the opposite trends are observed. Figures 8 and 9 
show that the c~ack opening increases with increasing crack 
velocity and decreasing strip width. 
-19-
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FIGURE CAPTIONS 
Figure 1 - Moving Crack in a Finite Strip 
Figure 2 - Stress-Intensity Factor Versus Crack Length 
to Strip Width Ratio (Displace~ent Loading). 
Figure 3 - Stress-Intensity Factor Versus Crack Velocity 
(Displacement Loading) 
Figure 4- Dynamic Stress Amplitude Against Crack Length 
to Strip Width Ratio (Applied Tractions). 
Figure 5- Dynamic Stress Amplitude Against Crack Speed 
(Applied Tractions). 
Figure 6 - Deformed Crack at Various Velocities 
(Clamped Strip). 
Figure 7 - Deformed Crack for Different Strip Width 
(Clamped Strip). 
Figure 8 - Crack Opening Displacement at Various Velocites 
(Stress Loading). 
Figure 9 - Crack Opening Displacement for Different Strip 
Width (Stress Loading). 
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